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The buckling loads of twe Ww velded and ox x riveted frameworks Ww ere calculated 


“by the convergence criterion of f the method d introduced by Hardy Cross, Hon. — 
ASCE. The stiffening « effect of the gusset plates w was taken into account 


and the reduction in the effective n modulus caused by stresses exceeding the 
elastic limit was considered. alues of stiffness coefficients and of carry-over 


factors are in “graphs for bars with of various 


“obtained for beskling j in the elastic range. 

of the presented ; a ‘problem large nding moments 


were in the bars before they buckled. These moments 
4 depend « on the initial cur vature and eccentr ricity ‘of the bars s sand their n nagnitude 


; could not be e predicted theoretically. On: the other hand, , they influenced the 

- effective modulus. In spite of the uncertainties involved in the choice of the 

e fective m modulus, reasonable agreement betw een theory and experiment w 
found with frameworks buckling i in the inelastic range. Never ertheless, further 


investigation of this problem is indicated. 


In Pee 


_ The b braced framework i is one of t the oldest ty types es of structures and its anal- 


_ysis has been through centuries. However, comparatively little 
effort has been made to calculate its failing load accurately. = If the framework 


Nore.— —W ritten comments are invited fer the last discussion should | be submitted by, 
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“fails” ny rupture of the. ‘material | in one of the members, the maximum 


load the structure can sustain may be calculated simply as the load at which the 
_ stress somew here in the , framew ork first reaches its ultimate value. = How ever, - 
_ if the bars of the framework are . slender, failure is more likely to occur through 
_ buckling and the foregoing r method of computing the maximum load is no longer 7 
y applicable. _ It has been customary, in the deter mination of the buckling load of 

_ frameworks, to examine each bar individually and to. calculate the buckling 


by the Euler formula or by some short column formula. These ealcula- 
tions alway ays involve an . assumption of the value of the e nd fixity coefficient « or ro i 

of the effective length of the framework member. 


In reality if any one bar in a rigid- jointed buckles, the rigidity 
of the joints implies that at the same time all the bars riveted to the ends of 
_ the first bar must distort. _ Since these adjacent | bars are > rigidly : attached to 

- other bars of the framew ‘ork, a continuation of the , reasoning shows that in the : 
on buckling of any one bar all the bars of the framework must t be involved. — ‘The 


buckling load of a framework depends, therefore, not only on the mechanical 


and geometric characteristics of the highly member but also on 
- the amount of end restraint offered 1 to this member er by adjacent bars whose _ 
-stiffnesses in turn are influenced by the stiffnesses of their ‘neighbors. De-— 
pending on the amount of end restraint, the end fixity coefficient of a perfectly 
_ elastic bar varies from 1 to 4, beiggar sn: to zero and infinite resistance to 
rotation of the ends of the member. » As it is impossible to estimate correctly 7 
the actual a amount of restraint, the » method of calculating the buckling load 
of a framework by ; analyzing | ok bar individually leads to unreliable results. - 
__ An additional complication arises from the fact that the stiffness, « or “ 
sistance: to rotation, of a bar depends upon the load the bar i is carrying For 
instance, a tension member attached to the end of a ‘compression member 
_ stiffens the latter, , and this effect increases if the tensile load becomes higher. - 
Thus the buckling load of the most highly compressed bar. of a » le is 
ner by the forces to which each member of the rigid-jointed framework _ 


a me: The interaction of all these effects ca can be taken into account simultaneously : 
- ‘ift the buckling load of the framew ork i is calculated by the convergence ¢ criterion 
of the ‘Hardy Cross ‘method. The criterion n was proved by one of the w ‘a — 
(Mr. Hoff)5-*-7 in various articles and in ‘an address before the Second Annual | 


of the Institute the at Calif. on 


“carry-over for bars 1 are reinforood by pit ‘the. 
addition, the effects of stresses exceeding the elastic limit, of initial eccentricities — 


and curvature, and of joint displacements are initiated. fo 


THe ConvERGENCE CRrreRION 
‘The Hardy ) Cross Moment Distribution Method. —The rigid- jointed eet 


framework of Fig. 1 is ; supported in a statically determinate manner. — if . 


5 “Stable and Unstable Equilibrium of Plane Frameworks,” by N. J. Hoff, Journal of the Aeronautical 


_ 6The Proportioning of Aircraft Frameworks,” by N. J. Hoff, ibid., June, 1941, p. 319. Meroe 


7Stress Analysis of Frameworks,’”’ by N. J. Hoff, Journal of the Society, 


{ i? 
j 
— 
— 
is 
| 
| 
| 
> 
s 
— yo 
a 
| 
— 
7 
— a, 
4 


= 


a e the various bars by the moment and its reactions are ‘negligibly small because _ = 


6 


— calculated with sufficient accuracy by assuming ideal pin joints at the — 


PLANE TRUSSES) 
: moment M acting in the ats of the truss is applied to one o one of the joints, for 
instance , to joint A, the joint rotates and the applied moment is distributed — 
among the bars attached to the joint. i. Equilibrium of the truss requires that 
‘the moment be balanced by re reactions at the | points of attachment of the >eamti- 


lever truss | to the rigid wall. iat can be shown that the the axial loads caused in 


the bending rigidities of the individual bars — are small as compared to the 7 
bending rigidity « of the entire truss. — Similarly, the linear displacements of the 
_ joints due to the moment and its reactions at the wall can be e safely neglected. ‘ 
Consequently, the framew ork of Fig. 1 can b be analyzed as a problem 
mnania distribution n disregarding the forces that are required at the joints to 
establish equilibrium. _ Analysis by the ‘Hardy Cross moment distribution 
method involv es a balancing moment distributed the bars joined at point 
Ai in the ratio of their stiffnesses. 
stiffnesses are calculated on the assump- 
tion that the far ends of. the bars (at_ 
_ joints B, C, D, E, and F) are rigidly fixed © 
against rotation (see Appendix 
The moment required for fixing the far 
end is known as the carry-over moment. 
It is the product of the moment that 
became the of any > bar in 
the balancing process ai and the in 
. factor of the same bar. The carr ry-over moment : at any one o of the joints: B, C, _ 


D, E, or Fi is then considered as the unbalanced moment and is balanced. — The — 


balancing “moments are distributed, the carry-over moments calculated, a = 
_ the various s steps of the procedure r repeated at all the joints : until the unba . 


Fie. ORK AND LOADS 


moments that remain are considered negligibly small. The unbalances can 
always be made arbitrarily. small if a sufficiently large number of ‘suitable 
individual steps is undertaken. _ Moreov er, it is always easy to find a —_ 
sequence of operations . One such sequence is established, for instance, by — 
‘the rule that in each step the largest unbalanced moment should be balanced. 
_ Convergence of the Procedure.—A A process it in which the unbalanced moments — 
can be reduced at will is known as a conv vergent process. The resultant — 
moments at the ends of the bars converge to (that is | approach) finite values" 
Ww hich are | identical with those that can be obtained from an analytical solution - 


of the ‘moment distribution problem. ‘The Hardy, Cross process 


“unbalanced moment at ‘the joint; and the carry-over r factor i is 2 for bars a 
constant of inertia as long as the effect of the axial forces in the 


4 The situation i is more complex when the indiv idual bars of the framew ~_— are. 


“under the action of axial forces. 7 Such axial forces can be caused, for itn, 
_by a vertical dow nward load W applied to joint B. It is known that they can sal 


tures of the 1e bars eve even though in 1 reality the bars « are connected by sturdy — 


_ plates. 7 The effect of the axial forces on the stiffness coefficients and 
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the ca carry- -over factors, howev ver, should not be neglected. - Values of these 
cos have been calculated and presented in graphs and tables by Ben- 7 
4 amin W James? and A. 8. ‘Niles,’ Assoc. M. ASCE E, as s well as Eugene E. 
oc. 


P 


In Eq. 1 the product E I is the bending rigidity of the bar and P te the worse 


value of the axial force acting upon it. _ Since in these tables the ‘Stiffness: 


~ factor has 1 negative « as W vell as positive va ve alues and the carry-over fac tor is often” 
much greater than unity, the question on of the conv ergence of the Hardy Cross 


a 

_ procedure must be re-examined for the case when the bars are subjected to 

of the convergence of ‘the Hardy Cross method has 


_ revealed that the method is suitable for establishing the stability limit of a 
- rigid-jointed framework. . The procedure recommended can be explained w ith 


the aid of the framework shown | nin ‘Fig. 1. Iti is assumed that the e only external 
: load i is a vertical dow nw ard force J W at joint B. W hen the force W is small, 


obviously the structure is stable; and, when the force is increased, a value is 


entually reached at w hich the framework buckles. The problem is to 


this critical value of the applied load. 
Calculation of the Buckling Load. —The first step in the calculation is 


diimalaiaie, of the axial loads in all the bars of the framew ework corresponding 


oad W W. 


to an assumed value of the external lo 
values are smaller than in the bars, 


the are computed 


any one compression bar, the vanes is unstable because the bar i in = 


w ould be unstable even if its two ends were rigidly fixed. * W hen some of the 


tions are necessary to determine stability. 


Ins such a case the stifiness ¢ coefficients have to b be taken { from ‘the edie. or 
7 graphs" and the stiffnesses S must be calculated for each bar. . The stiffness S 
‘Principal Effects o! a Axial Lead on Moment- Distribution . Analysis of Rigid Structures,” by 


jamin Wiley James, Technical Note No. 534, National Advisory Committee for Aeronautics, Washington, ; 


‘Airplane Structures,” by A. S. Niles and J. S. Newell, John Wiley & Sons, Inc., New York, N. Y., 


Ma _ E. Lundquist and W. D. Kroll, Technical Note No. , 652, National Advisory Committee for Aeronautics, 


10 “*Tables of Stiffness Carry-Over Factors for Structural Members Under Axial Load,”’ by Eugene 


_ Washington, D. C., June, 1938. 
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“nesses must be at e each jc joint. If at one joint the sum DSi is zero ‘or 


“negative, ‘the | “subsystem ¢ comprising that particu: joint and all the bars 


oat ttached to it would be unstable even if the far ends of the bars wer were all rigidly 
fixed d. Hence, the entire framework would also be unstable. 
_ The conditions on = and 2S establish upper and lower limits for the ween } 
value of the applied load. . ‘The condition on ZS is correct for bars with or 
_ ithout gusset plates: but the limits x and 2 7 stated for are increased by the 


gusset plate e effect. The i increases are moderate for orks of 
-_ . Use of the — limits leads to conservative design w hen we bars 


forward application of the Cross is 


with due ‘consideration | of the a axial 
The convergence can be checked by assuming a moment of ssbiteary 


"magnitude ata any one > of the joints—for instance at point Aj in n Fig. 1 Wi With the 
aid of the stiffness and carry- -over factors corresponding to the chosen value 
of W, a routine moment distribution is carried out. If the calculato 
“whittling down”’ the unbalanced moments to negligibly 


at all th the joints, the the procedure converges and by t the he convergence 


_ framework is stable. Next a larger value of W is selected and the Fis alues and | 


alues are computed. If the procedure a again converges, a still larger value - 
of W is chosen until it is found that the unbalanced moments increase rather 


4 


than decrease e after a number of balancing operations. Then it is known that 
the framew ork is unsta sle under ‘the chosen load 
Theoretically, the: lack “of, “convergence be caused. either by actus al 
instability. of the framew ork or by the ‘incompetence of the calculator. How- 
ever, experience ce has shown that: the average engineer conversant nt with the 
moment distribution athe’ has no difficulty i in converging the process \ when 
the applied load is 1% or 2% smaller than the theoretical critical load. . ‘Simi- 
. larly, the divergence i is very marked as as soon as: the applied | load exceeds the a 
critical value by 1% or 2%. Consequently, the buckling load can n be bracketed _ 
very closely with little effort ‘if the convergence criterion is used. It is im- 7 : 
material to. Ww hich joint the ‘moment M is applied but experience has | shown 
that the e convergence, or its ; absence, | can be judged with the least effort if the ; 


me to act at the joint to which the most highly compressed - 
Details. of the are evident from the example 


defined as multiplied by the stiffness coefficient. The sums of the stiff- 
— 
— 
aa 
Be 
| 
— 
7 
7 | 
4 
| moment Is assuy 
4 
an presented in Appendix 2. ia 


_ Proof of the Convergence Criterion.—The proof of the convergence criterion — 
was published in various places during 1941.5 7] It is based on properties of 
the total potential of the system which is the sum of the strain energy stored 
in the framework and the potential of the « external loads. It can be shown 


| that the ai analytical e expression for the total potential of a stable framework has 3 
minimum value’ with res 


pect to the rotations of all the joints the 


4 -framewo is in equilibrium. Each cycle of the moment distribution procedure 
of balancing, distributing, and carry-over corresponds to a rotation 
of the joint balanced. — The angle of Totation is of the magnitude ‘Tequired for 


= equilibrium of the subsystem comprising the joint and the bars attached 


- bars ar are e considered rigidly fixed, ‘the subsystem i is s alwa: ays ‘stable because of the 
requirement 2S > Consequently, the establishment of equilibrium i in the 
‘subsystem decreases the total potential of the subsystem | to its minimum (com- " 
patible with the e requirement of no rotations at the far ends of the bars) and q 
ae the value | of the total potential of the entire framework. eae 

_ It is known, therefore, that in each cycle of the balancing procedure the 

total potential of the system decreases and thus. approaches the 

“corresponding tos stable equilibrium. At tl the same time t the moments at the 
ends of the bars approach the values that prevail when the system i is in n equilib- Z 
rium. Experience with numerical examples has shown that the approach i 


quite rapid or, in other w ords, that the procedure i is well convergent. — lise 


: On the other hand, when the framework is unstable t under ‘the loading 7 
a corresponds to either a maximum or a saddle point of the total 


potential « of the ‘system. Consequently, the moment ‘distribution procedure = 
7 whose every step diminishes the total potential cannot lead, as a rule, to the _ ; 
unstable state of equilibrium, and the end moments cannot approach values | | 

4 that correspond to equilibrium. — After a limited number of initial cycles the ; | 
_ difference between the instantaneous value of the total potential and the value ; | 


corresponding to unstable “equilibrium becomes greater in each -eycle of the 
moment distribution process, and the unbalanced moments increase rather 
decrease. Therefore, the moment distribution process is divergent. 

- Theoretical examples illustrating the different behavior patterns have been 7 
‘ae elsewhere’ and the changes in the values of the the total potential during 
the individual steps of the ‘moment distribution p process | were plotted in dia- 

grams. — It was also shown that for particular types s of loading certain s sequences 
in the balancing procedure may lead to equilibrium» even though the system | 
is unstable. In such cases, however, change in the sequence causes a 


divergence’ of the process and thus the set of end moments obtained is not 


unique. In practical analysis such an occurrence is most unlikely. 
7 Extension of the Original Theory. —As the convergence criterion is s based on = 


‘theorems well established in 1 mechanics, an experimental verification of 1 the 
criterion proper is not required. Nevertheless, eight specimens were 
‘structed and tested in the aeronautical laboratories the ‘Polytec 
- Institute of Brooklyn at Brooklyn, N a mainly for the following reasons: 

In the basic theory each bar is replaced by a ‘mathematical line segment, the - 
center line of the bar, ending at the intersection points of the - center lines, ‘and 
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PLANE 
_ the bending rigidity of the bar is considered constant. In | reality the bars” 


have finite cross-sectional dimensions, and they are attesbe to one another by 


- rigid gusset plates. Consequently, in the vicinity of the joints the bars are 7 7 
7 ‘stiffened | by the gusset plates and by the other bars converging in the same joint, 
7 _ with the result that the bending rigidity of the ends is greater than that of the 


middle of the bar. The effect of this i increase in bending rigidity is an increase . 


in the buckling of the framework which can can be considerable when ‘the 
gusset plates are large. _ The problem is amenable to a theoretical solution a 


after suitable assumptions are made for the variation of the bending rigidity « of = 
_the bar in the region where it is reinforced by the gusset a | The validity ; 

of the > assumptions: can only be checked by experiments. — Moreover, tests are 7 
"required to obtain information regarding reduced modulus values when the 


work buckles. 

‘Gusset Plate Effects.— vely 

4 that actual bars with gusset plates are considerably stiffer then their sheenitinn - 
counterparts which are assumed to have a constant rigidity” between their 7 

mathematical end points. _ The rather obvious next assumption is to consider 

the bending rigidity constant fr from gusset Plate to gusset plate and infinitely 

large between the | edge of the gi gusset plate and the mathematical end point of 

the bar. _ However, experiments indicate th that this « assumption I makes the | bars a 

“materially s stiffer than they are in reality. — Therefore, a further refinement in 

the assumption is necessary. Each bar is to have its actual constant 

; bending rigidity between the gusset plates, and this rigidity i is increased — 

ing to a hyperbolic law from the edge « of the gusset plate to the ‘mathematical — 
end point of the bar where the rigidity becomes infinite. _ This assumption — 

gave satisfactory agreement with bending : and buckling tests when the | ped 

plates were not excessively large. — _ When their length amounted to 16% o 

20% of the > length of the bar, the hyperbolic law gave too conservative ae. - _ 7 


In almost all. cases | the experimental points fell between the theoretical re- 


‘sults calculated from the infinite gusset plate rigidity and and the hyperbolic Jaw io 
assumptions, 
Values of the stiffness factors nave been computed" for both the infinite 7 
rigidity and the hyperbolic law assumptions for bars ‘not t subjected to axial _ 
loads. In Appendix 1, these calculations are extended to bars v with compressive 
7 or tensile end loads. At the same time values of the carry-over fa factor are 
also deter mined. The numerical values computed | are presented ina 
‘Inelastic Buckling. —Although the gusset plate problem ¢ can be considered as - 
solved satisfactorily for practical purposes, efforts made to establish rules 
_ the determination of effective modulus values, when the stresses in the frame- - 
work exceed the elastic limit, could not be brought toa final conclusion. It. 
was: served in the tests that the bars of the framework were ‘subjected to 
considerable ee moments and were visibly ct curved before the e framework 
buckled. T the e uniformly 


distribu uted compressive stresses in ‘the bars. 
__ 1 “*Transversely Loaded Framework Members,” by N. J. Hoff, Journal of the Royal Aeronautical 
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pail diagram was developed « on the assumption of the constancy y of the axial” 7 7 

load which permits an easy determination of the reduced modulus wv Ww hen the 7 

extreme | fiber strains are known. The difficulty lies in finding the extreme - : 7 

fiber stra ains. attempt) was made in this investigation to ‘explain. the 
_ bending moments in the bars by calculating the secondary stresses and ev valua- kf * 

ting” the effects of initial curvature and eccentricity.” was found possible 


‘to assume curvature and eccentricity values which yielded extreme fiber strains 


7 


= 


= 


“Fra. 2.—Tesr SPECIMEN AND » Ria 
n satisfactory agreement with those measured in the different stages of ing, 
but no no method of pre dicting such values i in a new design could be found. ~ Mor e- 
is ove er, , the. assumption of a constant compressive e foree duri ing the nations pr ocess - 


oad The fi final edition of the buckling problem of framewor orks in ‘the inelastic 7 


range ‘cannot be expected un until the basic problem of the inelastic buckling of 7 
columns is clarified completely. On the other hand, this clarification would 
be accelerated if if ‘more ore experimental data were obtained in tests on rigid- jointed | 


“Buckling o of Rigid-Jointed Frameworks, submitted by Dept. of Aeronautical Eng. and Applied 
Mechanics of the Polytechnic Inst. of Brooklyn, Brooklyn, N. Y., to the Office of Naval Research of the 
8. — under contract N6onr-263, Task Order I, Washington, D. February, 1948. 
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oF EXPERIMENTS AND OF 


‘Test Specimens.—Eight framework specimens were tested in the course ¢ of 
‘this investigation. on. Of these all but one failed through buckling; of the seven 

- that buckled two w were designed to fail i in the inelastic ¢ range and the other five 4 
buckled with stresses below the proportional limit. 


A specimen and the test setup are shown in Fig. 2. Each framework wa aa 
a made of two identical vertical planes with a length-to-height ratio of 3: 1, these eo 

- 7 a 4 two planes being connected by horizontal and diagonal braces so as to oni 

_a three-dimensional framework. - Such a construction was considered necessary 7 
to avoid buckling out of the plane i in the framewol ork. Howev ever, in the analysis 
- the : stiffening effect of the braces between the two > planes was neglected so that: 
: the frameworks were in effect considered to be two dimensional. Sa 
The configuration of the vertical planes of each framework is shown in 
Fig. 3. The frameworks were tested under the combined « action 0 of a vertical 


load. nye a bending n ‘moment. applied i in such a w ay as to cause tension in the — 


upper chords and compression in the low er chords. 


- ‘Specimens 1 1 and 2 were of w velded steel e¢ construction, on, and t the remaining § six 


q 


specimens were riv reted of. 248- T aluminum a alloy. The gusset. plate length 
was measured from the center of the joint to the center of the outermost rivet. 
Rounded out values of these lengths are indicated i in Fig. ~~ ‘Specimen 5 (Fig. 
3(d)) was tested twice, first with the last rivets missing so that the effective 
gusset plate length was about 13% of the length of the bar and then with all 
rivets driven and thus with a gusset plate length of approximately 20% of the 


length the bar. This» procedure was possible because the deformations 


under the beeliling load were fully elastic with specimens 1 to 5. Specimens 6 
to 8 failed at stresses exceeding the limit. 


‘Test Rig and Test Procedure. —The specimens were connected to the 1e rigid 
7 Ww: a of the test rig which accommodated a fitting to w hich the specimen w as 
=~ at its upper end. _ The low er end of the specimen was fitted with either” 
a roller bearing or a bushing \ Ww hich bore e against a smooth plate fastened to the 
rig. ? The sp specimens were loaded in cantilever fashion through a loading frame 
‘el to the specimen itself by pins, so that no bending moment could be 
transmitted at the joint. The point of the application of the load was always 
ata distance from the rigid wall equal to twice the length of the ‘specimen. ‘The | 
load was applied to the loading frame by a mechanical jack and lever arrange. 
-ment, and was ‘measured by a pair of SR-4 type A- ‘metalectric’ strain gages 


cemented to opposite sides of a calibrated los ud link. 


The : strains in some of the members of | the framework specimens were were 
aeaiont with the aid of SR-4 type A- 1 or A- 11 “metalectric” strain gages. : 
Usually the gages were ¢ cemented at any one location in pairs, on opposite | sides a 
of the framework member. This “arrangement allowed the measurement of 
the pure axial stra in directly when the pairs s of were connected i in 
or of the Senge moment when they were connected in parallel. _ For r some of 


- nens, however, individual strain measurements were ‘recorded. 
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The strain was measured with an SR-4 portable electronic strain indicator. e 
. Switching from one strain gage to another was accomplished by a banana plug ; 
and jack arrangement. The load link w as calibrated in a lever-type testing 
__ The test st procedure a adhered ‘approximately to the e following outline: For 
; four or five values of the load below the critical value, force and bending moment o 
data were recorded for the framework members equipped with gages. The 
load was then slow ly increased to the buckling or critical value while simul- 
taneous strain readings were taken on gages on the upper and lower side of the 7 = 
most highly compressed bar. i. Thus, the strains in this bar were known to the a a 
moment of buckling. ‘were needed in the calculation of | the reduced 
_ With specimens mens failing in | the. elastic or Euler range the buckling load was 
observe ed as oe load at Ww hich a continued deflection of the point of application 


in inelastic range the of the aropped when the frame 
“ ork buckled. : 


the 


shims under or by shifting the the of 


~~“ It was mentioned that in the calculations the actual framework was s replaced 
by its two vertical plane trusses. — Consequently, the stiffening « effect of the 

braces connecting the two vertical planes of the actual framework was entirely 
neglected . Iti is believed that the buckling loads of the frameworks were not | 
materially influenced by the stiffness of these braces because an effort w as 
made to have the applied load equally distributed between the two wo vertical — 


4 ‘planes of the framework. © The displacement patterns of aa, 


i nearer were always 7 ‘similar, and thus | the motion of the braces connecting 


“bending. A check on the “additional stiffness by ‘the braces was 
made in the experiments in which the theory gusset plate stiffness was 
verified. The assumption that the braces are not of major importance was 


experimental buckling loads are in Table 1 together with the 
~ nominal values of the gusset plate size. . Table 1 also contains the calculated 
buckling loads \ with the effect of the gu pea plates neglected, , with « a 1 hyperbolic 
variation of the bending rigidity in the gusset plate regions, and with ; an 
moment of inertia in these regions. here appropriate, the effective 
modulus of elasticity was taken into account. 
With frameworks 1 to 5 (F ig. 3), which buckled the buckling 


‘the experimental load. should be noted that: specimens 


x and 2 Aang 3(@)) had gusset Plates | only 0 on ‘one bar at on one joint. ) _ When a 
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experimental and theoretical loads is m mi aterially y improved, the largest per- 
gentage error being (with on one exception) 5% as as compared to 18.3% obtained 
when n the gusset plates were neglected. — — (All percentages ¢ are re based on the ex- 
perimental values. .) The one exception is the test. run on ‘specimen 5 with © 
gusset plates extending over 207% of the length of the members. In this case 
the errors are 44. 7% and 27.7% when the gusset plates are neglected and | 
considere ed, , respectiv ely. "The then reached that the assumption 
ofa a hyper! bolic variation is not sufficiently accurate for bars with gusset plates — 


Ww whose length i is of _ e order of magnitude of 20% % o of the length of ee bar, but 


“TABLE Loaps OF Test SPECIMENS _ 


‘Speci- | Nomi-| Expri-| 


| | fini ‘loads Gussets | Variable | Infinite 


rigidity rigidity rigidity { modulus 


(4) 


a  Pescentage of bar Reduced modulus and variable rigidities. Gusset plate only at roller 


between — “experiment, all values calculated from the hyperbolic 


=e assumption are slightly lower than the actual buckling load and are, 
therefore, conservative. 


Ae the ‘upper limit for the stiffness is represented by the | assumption | of an. 
‘infinite moment of inertia in the regions of the gusset plates, the buckling loads © 
were next calculated on this basis. The results obtained were always sub- 
stantially higher than the experimental values, as may be seen from Table 1. 


the buckling loads calculated | from the of an infinite 
q 


‘ 


| 

| 


‘Tigidity must be considered unsafe. 


ae, _ Specimen 6 (Fig. 3(e)) did not fail by | bue — but by the shearing of some | 


_ of the riveted connections. The stresses at failure in the most highly com-— 

"pressed member of specimen | 7 were above the proportional limit of the material. 
For or this reason a reduced modulus. of elasticity E, was used i in the uation. 

Since EZ, - depends on the strains at the two extreme fibers at the bar, care was ~ 
taken in the experiment to measure the strains in the highly loaded bars at 
sufficiently close | intervals to allow an extrapolation | to the | moment of failure. 

The : strains were found to vary somewhat along the bars. . The ‘stiffness sand 


— 
{ 
¥ 
| 
— - gusset plates extending over not more than about 13% of the length. Further-_ F 
_more, with the exception of specimen 1 which showed a difference of only 1.1% _ A 
| 178 ‘178 | 225 | .... | 184] —32 | —32 | 4212] .... 
175 .... | 216 | -180 | — 5.1 | 418.1, 
| 13 245 | 300 | 360 300 | 18.3 | 
| 20 245 | 320] 520 | .... | 443 | —44.7 | -22.7 | 417.3 
4,950 | 6,300 | .... | 5,875 5,600, +12.5 | 
pay 
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-RUSSES 
carry-over factors were calculated | with the aid of a a ‘single value for the modulus | 
of elasticity for a any particular bar, and thus’ it was necessary to replace _ 
variable modulus distribution along the bar by a constant value. In obtaining 
this average modulus more w eight was given to the 1 values along the middle of 
bar. Table 1 shows that the buckling load calculated with 


of the effects: of both the reduced modulus and the gusset plates is in satis- 


a Specimen 8 was the second framework designed to fail in the inelastic 
range. The critical load calculated for by the 


the was 5,750 applied the of the loading frame. 
It was not expected that the e experimental buckling load would differ materially 
= value; yet, the load of 4, 600 was in one of 
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_ dropped and the zero positions of the strain gages w ere altered so much that 
‘no reliable strain readings could be obtained afterw ward. It was possible, how- 
ever, to increase the applied load t to a value of 5, 420 ‘Ib, at which time the 


framework failed i in the more | pattern n inv rolvi ing only 

rotations of the joints. Nof further increase in the load was possible. 
1e 


and possi ibly also some of the load 


_ Because strain readings \ were not available’ near the maximum load, tl 
4 effective modulus could not be calculated with : any degree of accuracy . W = . 
the effective modulus ¢ corresponding: to average compressive stress was 
“computed from the von Kérmén « expression ‘and the gusset. plate effect was 7 
eee, the buckling load of the framework was found to be 5,400 lb by — 
convergence criterion. The buckling load was also calculated on the 
: assumption of a hyperbolic increase of the stiffness in the gusset plate region. - o 
At the same time the modulus was taken equal to the tangent modulus ¢ ‘cor- 
- responding to an average compressive stress calculated for a pin- -jointed frame- _ 
Ww ork. The load obtained v was approximately 5,875, lb therefore did 
a ‘differ Ww idely from the experimental v alue. In view of the uncertainties in- 
~ volved i in the choice of the effective modulus the : agreement obtained between 
theory and experiment ca can be considered satisfactory provided the final experi 
4 mental buckling | load i is consider ed as the correct one. ae 


Joint Displacements.— —In an attempt to obtain ane explanation for the sudden 
change in the displacement pattern of specimen 8 at the lower load of 4,600 


lbs, the buckling load of this framew ork w as % also evaluated considering the  dis- : 


placements : as well as the rotations of the joints. In the calculations the Hardy 
_ Cross method had to be replaced by the more aoe Southwell approach and — 
‘the technique employed was tl that suggested by one of tl the authors (Mr. . Boley"*). 
Ww hen the only | displacements ‘taken into account were those of the joints at the | 
ends. of the vertical bar w hich underwent a translation, the value obtained for 
the load was 5,400 lb w hich was practically indistinguishable from that giv en by 


the Hardy “Cross method. WwW hen the displacements of all ‘the joints | were 
= the buckling load was found to be between 5,340 Ib and 5,400 Ib, 


16 ‘Numerical Methods for the of E lastic Bruno. A. Boley, Journal @ the 
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thus showi ing a negligible change in the value of the buckling load. Both 


_ calculations in including joint displacements 3 were | carried out on the b basis of a 
value of the reduced modulus of. elasticity calculated from the von Kérmén 
formula. It was concluded that the unusual behavior the framework was 
+ not due to buckling involving joint displacements, but was probably due to some: | 


inaccuracy in the construction or test setup. _ Unfortunately, because of lack 
_ of time this conclusion could n not b be checked ed experimentally by testing a second — 


A systematic, although somewhat limited, _ theoretical investigatio n of the - 
— of joint displacements on the instability of rigid- -jointed framew male led 
to the conciusion that this effect is negligible. 


Stiffness Tests. —The correctness of the assumptions regarding the 


of the gusset p plates w was checked indirectly by , comparing theoretical a and experi-_ 
mental buckling loads. To obtain a more direct verification a moment was ) 


applied to one joint of a plane truss and the resulting | rotations of this and fo 
- neighboring joints were measured. The rotations were also calculated using 
pees stiffness and carry- over factors determined i in in Appendix 1 and the calculated — 


alues were compar ed with the test results. wee 


‘The experiments were conducted with framework specimen 5 after the 
- buckling tests of the specimen had been completed. _ As the stresses : attained at 


were well below the proportional limit, the buckling tests caused 


were removed the ‘tests were on the 
7 truss. The size of the gusset plates v was varied betw een 13.3%, 16.5%, and 20% 


of the nest of the bars by inserting or removing some of the rivets attaching 
the gusset plate to the bar. 
a The .e moment was applied by an arm fitted to the upright entering the joint to : 
d be tested. Dead weights were hung from the moment arm at a point 40 in. 
: from the joint. The loads were varied from 1 lb to 10 lb in seven or r eight 
approximately equal increments. The specimen was thus subjected — to the 
combined action « of a shear load and a moment, but the length of the moment 
‘arm was considered sufficient to make the effect of the shear load negligible. : 
‘This assumption was permissible because the resistance of the framework to 
forces applied centrally at the joints was very much greater than the resistance 7 


a ‘measure the ro rotation of a joint a short ¢ channel section was mounted 
with two bolts and lock nuts approximately 1 in. from the joint in ‘question. 


A long channel section at points v was attached to the 


channel with their on the channel section attached to the 
‘specimen. _ The difference in the gage readings divided by the distance between — 
the gages was s taken as the angle of rotation of the joint i in radians. 
Figs. 4 and 5 are samples of comparisons between measured and calculated 
values of the stiffness. _ The following conclusions ¢: can be drawn from these 
figures as well as from other graphs not shown: 
(1) All the experimental points are located between the curve corresponding — 


to ‘infinite gunet plate rigidity and that corresponding to the wines law. 
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(2) For small gusset plates the hyper perbolic a good approxi- 
mation. For large gusset plates it gives a conservative estimate. 


With 20% gusset plates the actual stiffness is from two times to three times the 


value without gusset plates. 


— Tests on eight framew orks proved that the — convergence 
Cross moment distribution 1 method can used Ww ith confidence to. 


predict the buckling loads of frameworks if the effect of the “gusset plates 3 On 


values of of these 


the: stiffness and carry-over | factors is taken into account. 


‘quantities were calculated on on the basis of. tw o different. malian and the 
_ numerical results | obtained are presented in eight | graphs. It was found that 
the assumption | of a hyperbolic law for the bending rigidity distribution yields" 

_ conservative results for the buckling of trusses which are accurate enough for 
- practical purposes w hen the gusset plate length divi ided by the tot: al theoretical | 

length of the truss member is not greater 1 than 0.13. The assumption of in- 

‘finite rigidity for the 1e gusset plate regions leads to ‘results. 
7 ‘The actual buckling load. of a truss is bracketed by the values obtainable | on, 


the bi basis" these twe assumptions. A numerical example is presented | in 


Appendix 2 2 to show how a practical problem can be solved. _ 7 _ 
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CARRY-OVER FACTORS. 


BARS WITH GUSSET PLATES 


ly APPEN DIX 1. 


It) has been customary to evaluate the st stiffness and carry-over factors of 


bars on the basis of a constant be bending rigidity throughout the length of the bar. 7 
When these factors were used to calculate the buckling load of the frameworks _ 
described in the experimental part of this report, the resulting theoretical — 
oF 
loads were lower than the e experimental values. eliminate this 
discrepancy the bending 1 rigidit of a bar in a a framework was assumed to. 
4 pancy the y 
a crease hyperbolically t tow ard the joint in the regions reinforced d by gusset plates. 
The effect of such a variation on the stiffness of a a bar with end moment, but 


no axial load, has demonstrated elsewhere." is herein - 


(3) The increase in stiffness due to gusset plate effect is considerable. — 


herein 


: 
q 
. 
+ 


bending rigidity # J. - I is the moment of inertia of the middle section, the | 


hyperbolic variation in the ends gives 


Mp 
BEAM -COLUMN MOMENT APPLIED AT POINT b 
(0) BEAM-COLUMN MOMENT APPLIED AT POINT a 


Fic. 6.—Forces on Bars Gusset PLATES 
a Hence, the following three moment-curvature equations can be written for- 


the three sections if both ends of the bar are pin jointed: 

E Est) Py he Moz (for = s).. (Ba) 


Ely". (ors SL —0).. 


in which y” is the second deriv ativ e of the deflection y with respect to x re 
solutions to Eqs. 3 give the « deflection y of the bar as” 


Ym = As osink x cos k 
and 


1) 
tm 
») 
— 
* 
€ 
3b) = 
- 
(3c) 
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| 
of order. 1/3, respectively, and Ai, », As, By, and are arbitrary 
constants. To insure continuity of deflection and | slope along the bar, the 
ysls) = ym(s); = nL — 1) = 7 
‘sin ince the ends of the bar can rotate but not displace, y(0) = = y(L) = 0. These — - 
six conditions determine the six arbitrary constants 
= (y2— aL + at) cosks — (ys —as)cosk(L—t) 
| 


> 


‘ = + cot 


“and 


he foregoing solutions s y'(L) and y ‘(0) : are given as follows: 


t 


— 
— 
i 
- 
4 
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— 
1 
> 
= 


= = 


db 


of the bar in Fig. 6a) is defined im- 


the deflection is small, tan = ¢, 


ihe, 
| the stiffness coefficient at end b 


and the carry-over is zero since end a is pin 
To o be of use in a relaxation process such as the Hardy Cross moment dis- 
_ tribution method, the stiffness ¢ and carry-over factors at end b of the bar must | 
a be. determined with end a fixed. For this ‘purpose e a moment (— Mo Co) is 
applied a at joint a (Fig. 6(6)), i in which Cy is defined d implicitly | by the expression: - — 
OL 


= 


¢ and y are ‘small, the angles i in in Fig (0) can b 6(a). can be replaced so so as to. 


which the subscript b i in ; y (0) and y's(L) in ‘indicates that My, is 
the notation of Fig. 6(b), the coefficient’ is defined by the 
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if y are assun be small, 


| 
& 


in which the subscript a 200) that the moment is | 
applied a at joint a, and the abscissas_ 
0 and indicate joints b and a, re- 
spectiv ely. s system can | be 
Pre. rived from the system in Fig. 6(a) 
‘that figure both ends are pin jointed. 
By superimposing the loading of Fig. 6(6) on that of Fi Fig. 6(a), the s system 
of Fig. 7 is 0 obti tained i in whie 
a 7 ‘With the use of the 1¢ definition expr essed by Eq. 13a, 1, the ‘stiffness « ‘coefficient f at at : 
end b of the. bar i in n Fig. 7 is defined by the equation: | 
| 


The: carry- -over factor C, defined s as s the moment induced at joint a a by : a a unit 


joint b (Pg) 


In case equal gusset plates, ‘Egg. 20, 21, and 24 reduce to 


| 
— 

&g 

es, 
— 7 an a 

4 

4 

J 

ora 

| | 

— 
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me 


Pa = Pr, et ete., due to to symmetry. 
_ The sar same > procedure can be followed for a bar in 1 tension with the load (= ~s 
in place of Ww ith this substitution, Eqs. 11 become 


(L) = ak, 


inv 
in hich 


Q(z) — (FP 


wee 


=f 


In} In Eas. 20 and 30 30, Lis is the usual notation for | the e modified Bessel funotion 7 
s have been made and curves of stiffness and car carry-Ov ver factors 
im for bars of equal gusset plates oc occupying 9%, 13. 3%, 20%, and 30% of 


length of the bar . The curves are in Figs. 8 and 
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For purposes of comparison it is of interest to calculate stiffness an ad arry 


= 
ov er factors bas based on the assumption of Infinitely rigid gusset plates “The. 
: 


differential equations of bending, for the bar in . Fig. 6(a), when the 
moment of inertia extends over regions of lengths s and if at the left. and right | 


la) 


in which y”’ is : the ‘second d derivative of the deflection y with respect | to 2. r. The 
solutions to these equations give ve the deflection y of the bar as- oe 
(for 0 Sz S8).. 


= As sink x + Bz cosk x L 


w whic h k? , and Ai, Ao, As, B, and B;: are re arbitrary con- 


ae ~ stants. A The same conditions on the deflection y and the slope 4 y’ as given in the 


3 preceding calculations may be used to determine these six arbitrary constar nts. 
— a) sin KL — — — a) sin nks] (33) 
~ sink + k(t + 8) cos k 


_ A procedure entirely analogous to t that employed for “the pwereeny of 
stiffness and carry y-over factors under the assumption ofa hyperbolic rariation— 
of the moment of inertia in the 1 regions ns of the bar reinforced by gusset plates 
= in this case, to the following expressions for the stiffness factor S and 


the carry-over factor C 1 Cc for a bar w hose far end is fixed: - a — 


— 


oe COED 
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‘or the ease case ofa bar in compression, 


on 
A(s, t) = = As. 
hereas, for a bar in tension, 
Xs, t) = a — (ak L 


The bue kling load will be e calculated here for specimen 4 4 whose ose configuration 
: w-_ dimensions are given in Fig. 3(c) . The gusset plates extend over 9% of 
the length of the members. . The mi terial used i in the construction of the frame- 
- Ww work is 248-T aluminum a alloy. The first s step is the assumption o of a value for 
the load applied to the structure. In this case the load W was chosen as 100 lb 
acting at the end of the loading frame previously described, corresponds 
ear force of 
100 Ib at the loaded pt of the structure. This assumption leads te to the forces 2 
: given in Cols. 3 and 4, Table (a). ‘The e stele in Cols. 5 and 6 are calculated 
_ a from the forces and the geometric and mechanical properties of the bar. The 
reciprocal of the carry-over factor is given for the compression bars in Col. 7 
as read from the curves of Fig. 9(a). The values in. Col. 8 are found from Fig. 
‘8(a) for the compression members s and fro} from Fig. 8(b) for the tension — 


iis stiffness factors of Col. 10 are easily obtained from the values i in Cols. 1 
and 2. The corresponding distribution factors are given in Fig. 12(a). Fi 


= values of k L{ = = ) are smaller than 2 7 for all the compression 


members, and greater than m for some of them, and because the sums 2S of 
_ the stiffnesses are positive e at every joint, the stability must be determined by 
‘the convergence criter ion. o First, a moment of 1,000 in-lb is applied at joint J. o a 
The | joint is . balanced, “et ‘moments are carried over to the adjacent joints. 
‘The balancing procedure, shown i in Fig. 12(a), is then continued in a ‘straight- — 
forward 1 manner, except that carry-over ‘moments are accumulated at joint J 
= are never balanced out. When all the joints but J are balanced, the total — 
accumulated moments at J are added. In this case, the sum is found to be a 


k(t + 8) cosh 
Numerical values of the stiffness and carry-over factors have been calculated me 
for gusset plates of equal length at the two ends of the bar extending over 9%, __ 
13.3%, and 20% of 
te 
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of 558 in. Since this i is smaller than the originally a applied 1,000 


further—namely, to (553/1, 000)553. Obviously, the unbalance can be dimin- 
ished at will by undertaking the necessary y number of operations, and thus the 
procedure is convergent. by the ec convergence criterion the the 


framework is stable 
— 


-24.0 -139.1 -445 


~437.4 836.3 = 439.0 -50.8 080 -29° -41 

215.9 85 231.0 
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 - 


690.0 1283.0 
“402.6 387.6 
117.5 


W = 10518 


‘Fira. 12. —Moment DISTRIBUTION OF BUCKLING Loap CALCULATION FOR 4, Fig. 80) 


is high to cause instability the actual buck- 
™ is betw een an limit a a er r limit. In this ealeu-_ 
sponds to a 


“Table is set up ) like Table 2(a). ‘The 
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~ 304 646.0 186.7 68.0 1331.0 — 
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similar ‘to that in Fig. 12(a) is shown in Fig. 12(b). In this case the moments 
accumulated at J add up to 409 i in- and, since this value is larger 


TABLE 2.—CoMPUTATION OF BUCKLING Lo OAD FOR Specimen 4, 3(c) 


Bar (see ‘Fig. 1) 


APPLIED» 


S055 555 


27046 
0. 24191 —0.100 
0. 20950 | 2:09 | 1.430 


when 


o S885 


AK, BJ, CH 


KB, JC, HD © 
DG 


0. | 


om 


0.259 | 9 82 
0.281 | 2 08 
= 0314 | 


1.020 | 
| —1.666 
—4.762 | —0.80 
2.439 | 
5. 078 
5.76 
3.04 
70 


2000, 


0.26292 


: —0.60 
| —0.21 


ai 


Ordo 


AK, BJ, CH 5 0.13111 
KB, JC, HD 2: | 0.13111 


eT = “tension” and C= compres a” Compression bars only. 


by repeating th lost 

practical p purposes it is sufficient to state that the ain naar is 102.5 lb w ith 


possible error of +2. 2.5%. 


It is of interest to compute the end fixity snelioiend ; obtained for the ‘most 
highly compressed ‘member. As in bar KJ. the average value of k L = J is 


ut 5.47 from Tables 1 and 2( 3. 


| 


= 
i (10) | 
20.00 0.28366 567 | 9.63 | 0.265 9.63 
20.00 (0.22628 | 4.53 8:15 0.320 | 815 | 
20.00 —2.60 | —1.905 | —2.60 
_HG 10.00 | 0.699 | 8200 
22.37 T 0.12795 (286 | | 6.38 | 0.426 (5.7000 
22.37 0.12795 2.86 1.130] 348 | 0885 | 311 
‘ 20.00 0.12093 | 242 | 0.456 6.02, 
20.00 | 472.5 | T 
CD 20.00 | 367.5 | T 
LK 10.00 | 630.0 | C 
f KJ 20.00 | 525.0 | C 
JH 20.00 | 420.0 | C | 0.24788 | 
10.00 | 315.0 C | 0.21467 
| 
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